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Basic Concepts of Vibration

Vibration

Any motion that repeats itself after an interval of time is called vibration ,ryed%Example 
& fu &u6ff

1- Swinging of  pendulum %.W
2- A plucked string ffi ffiW

Elementary Parts of Vibrating Systems & W
q

A vibratory system, in general includes W
l - Means for storing potential energy (spring or elasticity

2- Means for storing kinetic energy (mass or inertia)

vibration is to be maintained.

#ry
The vibration of a system involves the t@Wits

potential energy to kinetic energy$Sdffffi.rgy topotential energy to kinetic enereV$Wlffitq6;r{ergy to
potentiar enersv' "':':"::':llffi: l."o'o:some energy is dissipat" i*u}N""&eT% vibration and
must be replaced by an6fut ,otM if a state of steady

Vibration Problems

Free Vibration Forced Vibration

Damped
Vibration

Undamped
Vibration

Forced Vibration
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Degree of Freedom

Degree of freed<jm is the minimum number of in4epe{rdent coordinates required to determine

completely the positions of all parts of a system at any instant of time.

One Degree of freedom { r u w
Y

Two Degree of freedom

Multi Degree of freedom

Spring force = spring constant (k) x deformation of spring (d)

w
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Combination of Springs

l- Springs in parallel

In the equilibrium position I F = 0

W  = m E = k r 6 + k 2 6

k1,k2 spring constants (stiffness) (N/

From equations (1) and (

For n springs in parallel

Mechanical Engineering

W  = m g -  k r q 6
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2- Springs in series

W = kgll
W = kz6z)

. . . . . . . . . ( 1 )

where d1 and 62 arc th'e elongation of springs

I and2 respectively

then, the total elongation= d'r I 62 = 6ro ,..(2)

for combination

*  = 6 e a v k e a

From equations (1) , (2) and (3)

. . . . . .  . . . ( 3 )

W  W , W
- = - a F _

keq kr kz

For n springs in series

3- Springs are connected to levers

xs = c sin?

for 0 very small sin 0 = 0

then

x s = c 0
x

X a = C -
" a

x - - a 0

0 = !

x z = b 0

b = b L- a

l L 1  t
T - ' r -

keq RL k2 kn &
or sears u. *o,ffpii.ro*

xz = b sin0

cosO -+ 1
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then, the total potential energy stored in three springs is

rJ =!krxz +f ,nrx l  +) t<rx!

o r  u  = : * r l u r * \ n r+44 ]

the potential energy stored in spring located at point A : :kuqx2

then, equate the two potential energies 
ffi

|k,r*, = i.*, lt, + 4n, * #url
n"q=kr+5nr+4ks g 6ff i*k

Combination of Masses 
-%. 

W

To find the equivalent mass located in speciflc point (for example point 
@re 

use kinetic energy

The total kinetic energy is

but ?=? 4=% .  x r=? ic ,
I L  1 2  

- - r -  
l z @  

' '  
l r

I^,0*? =!*r*? *)*r(7)' ol

ffi
M' % , ,

#,lF
N%#
t r l
{ , &
&"."g.w

@, *rnl + *r(?)'

fu uffi*orational Masses Coupled Together

having a translational velocity i' be coupled to another mass (of mass moment of

inertia/$having a rotational velocity O, to find:

equivalent translation mass

the total kinetic energy of the system

) , * rn i '  
-  !mr * '  + |106 '

s i n c e  x = R 0  t h e n  x = R 0

. . . . . . . . . ( 1 )
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then, from Equation (l)

!  - . .2  7  - - - - . .2  ,  t ,  ( *_ \ '

im rqx -  
-  

,mx '  + ; l o \_p t

m e q J ^ + #

equivalent rotation mass

the total kinetic energy of the system

)1,06'  
=lmxz +) lo6'  s ince x --  Ro

so ) l ,ne'  
- !m(R6) '  +) lo6'

J r q = J o + m R z

Example

. . . . . .  . . ' ( 1 )

. . . . . . . . . ( 2 )

lzx r = i x

and  e r= t

then, from equations (1) and (2)

)*,rr' = i*o*| * l*" (70)' * !, (t)'

Mechanical Engineering

then x=Ro 
*qp

F W '
&"*

t ,  i  q

i ' , 
R*rtsr *rnt

.  b .x r = i x
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nlee mp.* ^"(3)' *trt

Mechanical Engineering

H W I

Find the equivalent mass of the

referred to the r coordinate.

rocker arm assembly,

Hw2 &
f t , 7*w'

In the Figure find the equivalent spring cons1$K!t[ system in

the direction g *-

\&wE ^ 7
/rL 'h rnru

/\ %d
a €\ € ^w{
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Equivalent Spring Constants

l- Simple Supported Beam

From strength of materials

^ WI 't i  =  E i  
. . . . . . . . . ( 1 )

where

E1i bending stiffness (N.m')

E:- modulus of elasticity (N /mz)

/:- second moment of area (ma)

l'l:- applied load

Then from Equation (1)

,  bhs

= n t = +  W  r = #

Mechanical Engineering

4sg{
1:r

n trom Bquation (l) 
lU 

= 
; 

= 
; I 

slope of t 
^;@v., & Y

€.w
2_ Cantilever Beam 

*%*#
Similarly From strength of materials tr tr .

urr3 y& W
t  6:f

& s . - .14' t J

ffi foru*d
l u= ;=? l  dkw

F &re"
3- Rod or Cable G&#al Mxiat Deformation)

From strength of materialsp

,  W  3 E IK = T

. d f r
& * -*r:-

I^ F t
f = -

EA

of elasticity (N /m')

sectional area (mz)

Then from Equation (l)

4- Shaft in Torsion

From strength of materials

l o p e o f W - d c u r v e
. W E A* = i = T =

," d"pv
n =:-* -

,  W  4 8 E I
D - _
" - 6 -  r g
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where

G:- modulus of rigidity (N /m2)

/:- second polar moment of area (ma1 =4
3 2

Mechanical Engineering

modulus of

,  = 7 e . . . . . . . . . ( 1 )

M:- applied torque

Then from Equation (l) lk = * = 9l: rtop. of M - I curve

in Figure. The girder is a uniform beam of length 11 and flgrual

rigidity EI andeach of the two cables has a lengtl., fr,;6ffi

and young modulus E. Assuming the masses of the trffiy,jn&or,
drum, cables and hooks to be negligible, find rh.dmffispring
.^ncfqnf  nf  the oi r r lpr  ond thp nolr la e Wconsrant of the girder and the cable. 

#tr frSolution fufud n
The girder is assumed to be simplrory%eam with central load n

From table U, = ,%,,M 
* 

ffi; 
Ee = modulus of elasticity of girder

since, the cables subject8d to 
@ktoud 

, then k, = 
T 

where E" =

l e &
Example &q %
A weight W isbeing lifted by an overhead traveling crane as shown Y

elasticity of cable

M
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k"q= f f i ;
H.W3

Amachineof  massm = 500 kg ismountedonasimplysuppor tedsteel  beamof  |  =  2 m having

rectangular cross section (depth = 0.1 m, width = L.2 m) and Young's modulus = 2.09x 1"011

N /m2.To reduce the vertical deflection of the beam, a spring of stiffness k is attacheo*fu,i0-

span, as shown in Figure. Determine the value of k needed to reduce tt" O.n@ffiurn to

one-third of its original value. Assume that the mass of the r.::j:r"*ktbt6V

*;,*,i;;, .. ,ii 
- 

#

trw
ff

\&*
F 4 w

,"%- W{ r y

1 1 1- = - i - -
k e a  k g '  z k c

Y

t0
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Single Degree of Freedom

Equation of Motion: Natural Frequency

Let m mass of single degree of freedom system shown in Figure (kg)

A : the static deformation of the spring from the static equilibrium position (m)

k: be the stiffness of the spring (N /m)

then, k A = W  - m E . . . . . . . . . ( 1 )

the mass v

any position unless equilibrium position

l F = m i where t acceleration of the mass

Then, From Free Body Diagram

m i = W - k ( A + x )

From Equation (l)

mti = -kx *rMw

Yuu!!';*aJ--,iu 
-l 

't(a+x) srotic equiun,iu,

.^ry'-'!i;,*,r,*
s . \ f f i  "wBy defining ilr.Sr.fu;Tffirv ,tr = *w

ar' is the naturalfrequency of the system (rad / s)where

i * a l r x = 0 (Equation of Motion)

a uniform bar pivoted about point O with springs

equilibrium position. Determine the equation of motion and its

natural frequency.

Solution

Give the bar an rotational motion I as shown

,  \ \* e  I  I
/ /

e e

i N : k = 0

TL
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I Mo = JoE where I is angular acceleration

Mechanical Engineering

then, From Free Body Diagram

(-ka?)a - (-kbilb = JoE or Jo6 + (kaz + kbz)O = 0

6 *k(az-+bz) 0 = 0 (Equation of Motion)

and @n =

Example

Find the equation of motion and natural frequency of the

svstem shown in Fisure. The moment of inertia of combined

disc about O is J .

Solution

give the combined disc an rotational motion

apply the Newton's second law to

eration of the mass

. . . . . . . . . ( 1 )

then apply the Newton's second law to disk fl)

ZMo -@6 
*where I is angular acceleration

f f i #
Diagram

) r 2 + f r r =  1 6 . . .  . . .  . . .  ( 2 )

but i = r t 6
AT  =  - n l r t ?  . . . . . . . . . ( 3 )from Equation (1)

substitution (3) into (2)

-krle -mrl6 = Ji)

U+mr f )6+kr rzo

)\\ . e
0  e "

6 + n'3 ,o = o
J+mri

Jf l.r"

k(az+bz)

12

(Equation of Motion)



Vibration - Fourth Class / University of Tikrit (22-23) Mechanical Engineering

s center in the 0-direction

and

Example

A uniform rigid disk of radius r rolls without slipping

inside a circular track of radius R, as shown in Figure. For

small osciilation find the equation of motion and natural

frequency of oscillation. (m = mass of disk, ./ = mass

moment of inertia of disk about its center)

Solution

give the disc an motion s shown (Note that the disk has two m

apply the Newton's second law to mass (m)

X Fe = ffi oco where arg acceleration

then, From Free Body Diagram

F -mgs ind  =  m(R- f l 6

for rotation motion

ZMc =  JQ

t t"t'
A n =  l -

\  J+mri

( R - r ) 0 - r Q  - "  ( R -

ZMc = JQ @: jqufr

F,=+Q ,# emry
from the geometry of tht er%"

tion of the disk

,  mrz

r)E - r$

from Equatt"i$,

ffi&T#e
su@tion 

ffto 
(1,), yield

W* 
- r)A - mgsing = m(R - r)d

For small angle 0 sin? = 0 and

-  
| m G - r ) 6 + m g s i n g = 0

cosO = L

a + ffio 
= 0 (Equation of Motion) ,' = 

ffi 
(Natural Frequency)

13
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H.W4

Find the equation of motion and natural frequency of the system shown in Figure

F. -,-,-q"*--i{ | "'} ,&, l- --- ;t-T-i ' 
*:;::"-._& * d%L- - --\ -*-r-'*'t"":F'-' ' '{ ':qit &rufud*H.ws %y

Finrl the enrrqfinn nf rnnfinn cn(l nqltr,rql frcnrrcnnrr nf fhc crrcfemc chnrrn&;n dfu PFind the equation of motion and natural frequency of the systems shoymin 
@*': & ru.*' 1 1 \ ' .  Y

Rotational motion

Mass moment of inertia (kg.m')

Spring k (N/m) Torsional spring ( (N.m/rad)

per C (N.m/s) Torsional damper C, (N.m.

t4


